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Snmmafy. Neuéebauer [7]1 proved that a function f: Io— R possesses a strc;ng Blumberg set if and

only if f is quasi-continuous on o, where R denotes the real line and Zo=<0, 1>. In this paper we

give a characterization of quasi-continuous functions in a class of all functions from a Blumberg
space for f (see Definition 3) into a regular space. So, it is a real generalization of Neugebauer’s
result,

We start from the following .
DermNiTioN 1 (compare [6] p. 186). A function f is called quasi-continuous

“(shortly: qc) if for each x € X and open sets- AcX and Hc f(X), where x € A and

f(x) € H, we have ANInt f~! (H)#9.

DermNITION 2 (see [8] p. 157). A space X is called a Baire space if each non-
void open set in X is of the second category. '

Deemnimiox 3. Let f be a function from.a space X. We say that X is a Blumberg
space for f if there exists a dense subset D of X such that the partial function f|D
is continuous. Such a set D is called a Blumberg set for f. '

DEFINITION 4. A set D is called a full Blumberg set for f if D isa Blumberg set
for f and, for every open set AcX, the set f(D N A) is dense in f(4) (compare the
definition of a strong Blumberg set given in [7} p. 451). : ’

At the beginning we compare the concept of a strong Blumberg set in the sense -

of Neugebauer [7] with the concept of a full Blumberg set in the sense mentioned

-

above. . :

PRrOPOSITION, Let f:Iq—R and let D be a dense_set in Io. If for every interval
Pcl,, the set f(DNP) is dense in f(P), then for every open set Gel,, the set
f(DNG) is dense in f(G). : ' f

In fact; each operi set in I, is the union of open intervals, and thus the propo-
sition follows. : ,

This means that each strong Blumberg set in the sense of Neugebauer is a full
Blumberg sct. Therefore our Definition 4 is a natural extension of Neugebauer’s
‘one. The converse implication does not hold (the author wishes to thank the re-

[33)-
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feree for the example below). Indeed, define f: (0, 1>>R as follows: f(x¥)=x for .

x€0,34> and f(x)=x+1 for xe (4, 1) and let D=(0, 1)\ {3}. In fact, taking
(} 1> as the interval we have that Y¢S (DNE, D). :

THEOREM 1. If f: X~ Y is qc, D is a dense subset of X and A is an open subset

of X, then f(DN A) is dense in f(A)..

Proof. Let A be an open set in X containing x, and let H be an open set in Y
containing yo=f(xo). Since fis qc, ANInt f~1 (H)#B. Put Q= A4 N Int -1 (H).
The set Q is open. It'is clear that f(Q)cH. Now, HN f(DNA)>HN SDONQ)=
=f(D N Q). By the density of D in X, the last set is non-void, whence HNf(D N A) #

& which means that f (D N 4) is dense in £(A), by the choice of H (see [4], Theorem .

5, p. 38). ‘
COROLLARY 1. If' D is a Blumberg set Jor the qc function f: XY, then D is
a full Blumberg set for f.

THEOREM 2. Let f be a function from a space X which is a Blumberg space for

S into a regular space Y. If f possesses a full Blumberg set D, then fis qc on X.

Proof. Let x, belong to an open subset 4 of X and H be an open subset of ¥
containing yo=f(x,). Since f'(4ND) is dense in f(4) and y, € f(4) there exists
- such a point x; € 4 N D that f(x,)=y, belongs to H. Let G be an open subset of
Y such that y, e Ge G H (such a set G exists by the regularity of Y). Now, fID
is continuous, D being a Blumberg set for /. Therefore there exists an open (in D)

set BcD, containing x, such that f(B)=G. Then' BN A4 is an open (in D) neigh-

bourhood of x;, for which f(BNA)cG. Let B’ be an open subset of X such that
B'ND=BNA and B'cA. We have f(B' N D) is dense in f(B’) since B’ is an open
subset of X. Hence we get f(B')=f(B'ND)=f(BNA)cGcH. Accordingly
B'cf~t (f(B))=f~1(H) hence B’cIntf" (H), B’ being open in X. But B'c 4,
so finally B'cANiInt f~* (H). Since x, e AND and x, € B, we have x, € B’, by
the definition of B’. Thus B'#& which finishes the proof.

The main result of this paper is the following

THEOREM 3. Let f be a function from a space X which is a Blumberg space for
Sfinto a regular space Y. The funcnon J possesses a full Blumberg set if and only if
Sis qc.

Proof. It follows from Corellary 1 and Theorem 2 One can obtain some corol-
laries taking the main result of [10] and the theorem of [3] p. 667..

Remark 1. The assumption of quasi-continuity of f cannot be ‘weakez.ied.
Recall that a function f: X— Y from X into Y is called somewhat continuous ([5] p. 6)
if for each set V' Y, open in Y, such that f~! (V) #@ there exists an open set Uc X,

U#@ with Ucf~! (V). There is a counterexample that ysing a somewhat conti-

nuous function instead of quasi-continuous onc Theorem 1 as well as Corollary
1 become false. Indeed, define f: I,—1, by f(x)=0 if xe{0,1) or xe(}, 1) and
x is rational; f(x)=1if xe (%, 1) or x& (4, 1) and x is irrational. Such a function
f is somewhat continuous (but not qc) and Theorem 1 (as well as Corollary 1) does
not hold for £
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Remark 2. Some similar problems which concern Blumberg sets (but not in
connection with quasi-continuous functions) were discussed and investigated by
Szymanski in [9]. Also Alas has announced [1] a result being a generalization of
Proposition 1.7 of [10].

.

The author is very much indebted to Professor J. J. Charatonik for many help-
ful remarks and suggesnons offered during the preparation of this paper.
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3. IMTuoTposckd, CATLHOE MHOKECTBO W KBA3N-HENDEPHLIBHOCTh B TODOJOTHYECKHX NPOCTPRHCTBAX

Concpwanue. HelireSayep [7] nokasan’ uro ang Toro urobsl ans ¢ynkums f: I—R cymecrsosano
CHIBHOE MHONCCTBO BlamGepra, HeoGX0MUMO M NOCTATOMHO 4T00B! OHA GLUTa KBa3H-HENPEPHBHOM

" HA Ip Tilie R 0603Ha4acT ACHCTBHTENLHYIO npamyio a Io=<0, I>. B s1of paborte naercs xapakre-

- PUIALAS KBASH-HENPEPHIBHLIX (YHKUHI B Xknacce GyHKIMM H3 npocrpascrsa Bmambepra wis

dyuxuny (cMmot1pu Jeduuuumnio 3) B peryaspHoe npocrpaﬂcno rloeromy Hala TCOPEMA NBNIA-
erca obobuienneM peaynb-rawa Heﬁresayepa . .
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